This paper presents a numerical investigation into the pattern formation mechanism in the Brusselator model focusing on the interplay between the Hopf and Turing bifurcations. The dynamics of a coupled Brusselator model is studied in terms of wavelength and diffusion, thus providing insight into the generation of stationary and oscillatory patterns. The expected asymptotic behaviour is confirmed by numerical simulations. The observed patterns include inverse labyrinth oscillations, inverse hexagonal oscillations, dot hexagons and parallel lines.
Introduction
Models involving termolecular reaction steps exhibit interesting properties and pose challenging mathematical problems regarding the asymptotic behaviour of the solutions. It is well-known that models of reaction sequences with two intermediates and only uni-and bimolecular steps do not admit limit cycles [3, Section 7.1] . Therefore, for instability to occur in the thermodynamic branch (the solution in equilibrium) one needs to use cubic reaction rates [1] , [8] , [3] .
The following reaction sequence was studied by Prigogine and Lefever in 1968 [5] : (ii) the nonlinear reaction is irreversible (k −3 = 0), (iii) A is in sufficient abundance, the dynamics of the reaction sequence is represented in [5] by two rate equations:
By scaling of the variables,
the model (1) is simplified to the following model involving only two parameters.
The system (3) of reaction diffusion partial differential equations is known as the trimolecular model or the Brusselator model, the latter term coined by Tyson in 1973 [7] .
This model has been widely used to illustrate and study basic features of chemical reaction models involving trimolecular steps. In some sense it plays in the settings of these models a pivotal role similar to the role the harmonic oscillator and the Heisenberg model play in ferromagnetism [3] .
This paper presents a numerical investigation into the pattern formation mechanism in the Brusselator model. The next section (Section 2) is devoted to studying the interplay between the two bifurcations in the model, namely the Hopf bifurcation and the Turing bifurcation. This investigation is largely motivated by the observations in [11] 
Turing and Hopf bifurcations in the Brusselator model
The system (3) has one spatially homogeneous steady state, u
. Its stability is influenced by two factors: the appearance of spatially homogeneous limit cycle (Hopf bifurcation) and the ratio of the diffusion coefficients (Turing instability). We recall them briefly.
The spatially homogeneous solutions of (3) satisfy the system of ODEs
Linear stability analysis yields that (u * , v * ) is an asymptotically stable equilibrium of (4) if b < a 2 +1 with Hopf bifurcation at b = a 2 +1. This means that for b > a 2 +1 the equilibrium is unstable and all nonequilibrium solutions approach a stable limit cycle.
Turing instability refers to the fact that the steady state (u * , v * ) is unstable when the ratio of the diffusion coefficients is sufficiently small/large. Following the standard approach, e.g. as presented in [2] , we obtain the Turing instability conditions in the form,
We note that (5) and (6) Our main interest is in the asymptotic properties of the model (3) in the supercritical Hopf domain b > b H . In this parameter domain the model (3) has a spatially homogeneous limit cycle, so called bulk oscillations, corresponding to the limit cycle of (4). We investigate numerically the asymptotic behavior of the solutions of (3) 
The coupled Brusselator model
The coupled Brusselator model comprises two systems of the form (3) coupled via linear reaction terms. Its general form is
with i, j = 1, 2, i = j. The reactions f and g are as in (3), namely f (u, v) = a−(1+b)u+u 2 v and g(u, v) = bu−u 2 v. The system (9) can be considered as a model of the reaction sequences in two thin layers of gel that meet at an interface. Each layer contains the same set of . .
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. interlacing hexagonal lattice pattern,known as "twinkling-eye" pattern, which occurs due to resonance between a Turing mode and its subharmonic.
Here we show a mechanism of generating oscillating patterns in the coupled model which The parameters used in our simulations are given in Table 1 . In the first set of simulations we varied the diffusion D u 1 in the first layer while keeping the rest of the parameters fixed.
We observe an oscillating pattern when we couple a strong bulk oscillating layer with a Turing pattern layer, see Figure 3a and Figure 3b . Typical Turing patterns observed in a single layer Brusselator model (Figure 4a ) oscillate through inverting the concentration of each previous time step. Increasing b leads to a temporal separation of the Turing patterns and the bulk oscillations with the system spending longer periods in a set pattern. The second set of simulations shows deviation from the typical Turing patterns of a single layer, Figure 4b , due to the interacting Turing modes on different scales. The wavenumber was derived from the linearized system in the form
We kept the short wavelengths fixed (wavenumber k 1 = 0.56) while varying the long wave- 
Conclusion
The numerical investigation in this paper provides insight into the asymptotic behavior of and coupled model using a theoretical approach similiar to Rashkov's [12] , with the aim of producing a more complete classification of the stationary and oscillating patterns as well as their generating mechanisms.
Appendix
The 
where
, we note that the same holds for v.
Using periodic boundary conditions for the system (9) the first step in (10) where γ = −p 1,2 . We can now solve the tridiagonal matrix with the following steps:
(i) Solve P · u = f (ii) Set up the vector ϕ 1 .
(iii) Solve P · z = ϕ 1 .
(iv) Obtain the form, Ψ = ϕ 2 · u m /(1 + ϕ 2 · z) (v) Use the form Ψ to obtain the new values of u m , i.e u m = u m − Ψ · z where P = P but with the following two terms modified.
